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DIFFERENCE EQUATIONS AND NEW
EQUIVALENTS OF THE KUREPA
HYPOTHESIS

Aleksandar Petojevié, Malisa Zizovié and Stana D. Cvejié

Abstract. By making use of the difference equations we deduce,
for the first time, two new equivalent statements of the Guy’s unsolved
problem B44, also known as the Kurepa hypothesis for the left factorial.

1. Introduction

In what follows the sum denoted by !n and defined as
m=04+U+21+--+n-2)'+(n-1), neN:={1,23,...},
where n! is, as usual, the factorial
O=1nl=n(n-1), neN,

is referred to as the Kurepa left factorial.
The Kurepa left factorial 'n appears in the following assertion

(1.1) GCD(In,n!) =2,n > 1, [2,p.147]

GCD(In,n!) is the greatest common divisor of numbers !n and n!, which
we call the Kurepa hypothesis for left factorial. The Kurepa hypothesis is
listed as the problem B44 of Guy‘s [1].

Kurepa showed that the following assertion

(1.2) 'p#0, (modp), p>2 isa prime number, [2, p. 149, Th. 2.4]

is equivalent to (1.1). Also, for every p > 2, the Kurepa hypothesis is equiva-
lent to

p—2

_1\k+1
(1.3) p2 Y T (mod ). 1o

k=

—

AMS (MOS) Subject Classification 1991. Primary: 11A05, 39A10.
Key words and phrases: Kurepa's hypothesis, left factorial, difference equations. The
present investigation is supported, in part, by Darko and Natasa Petojevié.



40 Aleksandar Petojevi¢, Malisa Zi%ovié¢ and Stana D. Cveji¢

2. Statement of the results

Let a sequence (z,) be a particular solution of the difference equation
(2~1) hpi2 + dphpyr + guhn =0,

where (d,,) and (g,) are given sequences. In this case, it is well-known that,
a general solution of the equation (2.1) is as follows

n—1k—1
(22)  hy=Can+ Dy Y [ 22, [3, p. 158, Entry. 4.10]
k=11=1 Tl+2

C and D being some constants.
Theorem 1. Let p be a prime and define a sequence (Ag) by
Ao =0,4) =1, Ar = (k — 1)(Ap_1 + Ax—2), (k=2,3,...p—2).
Then
lp=Ay,_2, (mod p).

Remark. Several first terms of (Ag) are: A, = 0, 4) =1, Ay =1,
Az =4, Ay =15, A5 = T6,. ..

Theorem 2. Define a two-dimensional sequence (Ax(n)) by

_1\n+1
Aul) =0, () = L

Ap(n) = —(n —k = 1)Ag_1(n) + (n — k) Ag-2(n), (k=2,3,...,p~2)
Then for every prime p we have

'p=Ap_s(p) (mod p).

3. Proof of the results

Proof of Theorem 1. First, note that By = £! is a particular solution
of the following equation

Then, it follows by (2.2) where

di = g = —(k+1),
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that a general solution of the equation (3.1) is given by

k—1r—1
-(l+1)B
(3.2) Ay = CBy+DB Y [ =22 (+ 1B
r=11=1 By
k—1r-1
I+ 1)
A = D
= m(oenS )
(3.3) Ay = B C’+2Dzi
. k= ke S T .
Since A3 =4 and B3y =6 and A4 = 15 and B4 = 24 we have
1
On using the equations (3.3) and (3.4) we obtain
k
Ay, (=1)"
(3.5) — =1- .
By = r!
Set k =p—21in (3.5). Then
p—2 1
B ( 1)r+
(3.6) Apo = (p—2)! }_:1 p

Finally, the equations (1.3) and (3.6) give
Ap-2 = (p—2)/('p) (mod p),
and our result follows by the Wilson theorem.

Proof of Theorem 2. Since, By = 1 is a particular solution of the
equation

(37)  Apsa(n) + (n— k - ) Aes1(n) = (n — b — 2) Ax(n),
then by (2.2) where
dr =n—-k—-3, gr=-(n—-k-—2),

we have its general solution in the form

k—1r—1
(3.8) Ap(n)=C+DY J[-(n-1-2).
r=1 =1
The constants C' and D are obtained without difficulty as follows

B (_1)n+1 B (_1)n
(3.9) C= m and D = (71_—3—)!,



42 Aleksandar Petojevi¢, Malisa Zizovi¢ and Stana D. Cveji¢

by using A3(n) and Bs(n) and A4(n) and By(n). Further, the equations (3.8)
and (3.9) lead us to

(=™ (D" T

Ak(n) (n-2ﬁ+xn-3y22££'m_l‘2%
1) am = S ED oy,

(n—=2)1 " 2(n-23)
Set k =mn — 2 in (3.10). Then
(_1)n+1 (_1)n+1
=2 (m=2)

and our result follows by the Wilson theorem.

An—?(n) =

[ln—1] (mod n),
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